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013.04.0Abstract To comprehensively consider the effects of strength degeneration and failure correlation,
an improved stress–strength interference (SSI) model is proposed to analyze the reliability of aero-
engine blades with the fatigue failure mode. Two types of TC4 alloy experiments are conducted for
the study on the damage accumulation law. All the parameters in the nonlinear damage model are
obtained by the tension–compression fatigue tests, and the accuracy of the nonlinear damage model
is veriﬁed by the damage tests. The strength degeneration model is put forward on the basis of the
Chaboche nonlinear damage theory and the Grifﬁth fracture criterion, and determined by measur-
ing the fatigue toughness during the tests. From the comparison of two kinds of degeneration mod-
els based on the Miner’s linear law and the nonlinear damage model respectively, the nonlinear
model has a signiﬁcant advantage on prediction accuracy especially in the later period of life. A
time-dependent SSI reliability model is established. By computing the stress distribution using
the ﬁnite element (FE) technique, the reliability of a single blade during the whole service life is
obtained. Considering the failure correlation of components, a modiﬁed reliability model of
aero-engine blades with common cause failure (CCF) is presented. It shows a closer and more rea-
sonable process with the actual working condition. The improved reliability model is illustrated to
be applied to aero-engine blades well, and the approach purposed in this paper is suitable for any
actual machinery component of aero-engine rotor systems.
ª 2013 Production and hosting by Elsevier Ltd. on behalf of CSAA & BUAA.
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Aero-engine blades of a low pressure rotor are subjected to
highly hostile working conditions. All the improvements in27401351.
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14performance, life, and lightweight which manufacturers are
interested in are based on not losing reliability. Therefore, it
is so worthwhile to accurately estimate reliability of blades
after their design is improved. The blades in this paper are
made of TC4 (Ti-6Al-4V) alloy. This alloy is widely used in
manufacturing blades and disks in the aviation ﬁeld due to
its excellent properties such as high speciﬁc strength, heat resis-
tance, and corrosion resistance. For TC4 alloy that is used in
blade manufacture, strength degeneration begins slowly. With
the cycles increasing, the residual strength decreases rapidly
during later stages of fatigue when failures always happen.
From microscopic view, the inﬂuences caused by dislocations,SAA & BUAA. Open access under CC BY-NC-ND license.
632 J. Lin et al.slips, and holes generated during the initial stage are too small.
However, during the later period, the initial defects grow
quickly under cyclic loading. With the propagation of cracks,
the effective bearing area decreases rapidly and a failure hap-
pens at last.
There are two parts in the study on the strength degenera-
tion of blades. One is the relationship between damage and
loading cycles, and the other is the correlation between resid-
ual strength and damage.
From the structural fatigue point of view, strength degener-
ation is proportional to the rate of damage accumulation. The
more accurately the damage accumulation process is de-
scribed, the more precise strength degeneration can be ob-
tained. We can see that it is necessary to consider which
damage accumulation law should be used in the study on the
regularity of strength degeneration. Among the structural fati-
gue damage analysis methods, the Palmgrem-Miner1 linear
damage model (LDM) is the most popular one. Nevertheless,
damage is actually a load-dependent variable, and the contri-
bution of stress below fatigue limit cannot be ignored in the
damage accumulation.2 Based on that, Chaboche and Lesne3
formulated a nonlinear continuum damage model (CDM)
which took the loads below fatigue limit into account.
There are many methods to solve the reliability problem,
such as the Petri net method,4 the Monte-Carlo method,5 the
neural network method,6 the Bayesian method,7 and the
stress–strength interference (SSI) method.8 Fatigue failure is
the most typical and common failure modes of aero-engine
blades. To analyze the fatigue reliability, the SSI method is
more suitable.9 Freudenthal and Gumbel10 proposed the fa-
mous SSI model which is the basis of mechanical structure reli-
ability analysis. The core of the model is regarding stress and
strength as random variables. On the premise of already
obtaining the probability density functions (PDFs) of stress
and strength, reliability is the probability that strength is high-
er than stress. Stress and strength here are generalized. Stress
can be load, temperature, corrosion, etc. Strength can be fati-
gue strength, heat resistance, corrosion resistance, etc. The SSI
method requires information on probability distributions of
structure stress and strength. It has been approved that the dis-
tribution of material strength generally follows a normal distri-
bution,11 which can be obtained from tests. Structural stress is
related to several variables, such as structure geometry, mate-
rial properties, working conditions, and external loads.
Although stress is difﬁcult to be expressed in mathematical for-
mulas, it can be calculated by using the ﬁnite element (FE)
method.12
Huang and An13 introduced the application of the SSI
method in mechanical structural reliability analysis. However,
the traditional SSI method is just suitable for the condition
that stress and strength are independent, but the fact is that
strength is related to stress. Under continuous loading, the
component strength degenerates. As the result of strength
degeneration, the reduction of reliability structure is unenvi-
able. Therefore, the assumption of strength independence
may lead to error in reliability computation and overestima-
tion of results. To accurately estimate structure reliability,
the inﬂuence of strength degeneration must be taken into
consideration.
With the background mentioned above, this paper develops
an improved relationship between residual strength and load-
ing cycles based on a nonlinear damage theory. Two types offatigue experiments were conducted to obtain the parameters
of the residual strength model and validate the nonlinear dam-
age model. An improved SSI model was established to analyze
aero-engine blade-disk system reliability. A signiﬁcant
improvement in the reliability calculation was achieved as a re-
sult of the introduction of the strength degeneration in the reli-
ability model. An important advantage of the nonlinear
residual strength model and the improved SSI model com-
pared to classical approaches is their applicability to any ac-
tual component through the FE technique.
2. Nonlinear damage model
According to characteristics of fatigue damage, Chaboche and
Lesne3 proposed a model to describe the component perfor-
mance degeneration:
dD ¼ fðD; rÞdn ð1Þ
where D is damage, r the stress, dD the damage increment, and
dn the loading cycle increment.
With regard to the uniaxial fatigue, Chaboche and Lesne3
presented the following equation on the basis of Eq. (1):
dD ¼ 1 ð1DÞbþ1
h ia ra
M0ð1 brmÞð1DÞ
 b
dn ð2Þ
where b, M0 and b are the material paramenters, rm the mean
stress, ra the stress amplitude, and a a parameter related to
loadings and damage. Chaboche and Lesne3 gave the expres-
sion of a:
a ¼ 1H ra  rf
rb  ra
 
ð3Þ
where <x>= 0 if x 6 0, and <x>= x if x> 0; rf is the fa-
tigue limit, rb the ultimate strength, and H the parameter re-
lated with the material properties.
From the point of view of metal damage, it is an irreversible
process that initial cracks propergate and fail at last. When D
is equal to 0, there is no damage; and when D is equal to 1, fail-
ure happens. When D is below 1, loading cycles n is less than
fatigue life Nf. The equation of n and D is obtained by integrat-
ing Eq (2):
n ¼ 1
1 a 
1
1þ b
M0ð1 brmÞ
ra
 b
½1 ð1DÞ1þb1a ð4Þ
The model above has been proved in some early work.14
Then the damage equation is dirived as follows:
D ¼ 1
 1 hri H
Mb0
ð1þ bÞ ra
1 brm
 b
n
" #Hhri8<
:
9=
;
ð1þbÞ
ð5Þ
where r= (rar1)/(rbra), r1 is fatigue limit under sym-
metric cyclic loading, and the parameters in Eq. (5) can be ob-
tained from fatigue tests.3. Experiments
Two types of fatigue tests were conducted, one was tension–
compression fatigue tests, and the other was damage tests.
Specimens used in both types of tests were the same, and the
Fig. 2 FE model of test specimen.
Fig. 3 Stress distribution of test specimen.
Fig. 1 Geometry of fatigue test specimen.
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of the specimens was approximately 8 mm in diameter and
44 mm in length. The heat treatments were as follows: an-
nealed at 720 C, insulated for 1 h, and air cooled. The static
stretching test results show that the tensile limit is 1005 MPa,
the yield limit 975 MPa, the elongation 16%, and the reduction
of area 46%.
The tension–compression fatigue tests were conducted in
order to obtain the fatigue limit and the parameters in Eq.
(5). The tests were designed on the basis of GB/T 3075––
2008,15 and performed at stress ratio R of 0.1. A sinusoidal
loading at the cyclic frequencies of 80–250 Hz was applied.
By using an up and down method, the experimental results
of un-notched rods were obtained and presented in Table 1.
The damage tests were conducted to study the relationship
between Dn (the damage after n loading cycles) and n. Accord-
ing to Ref.16, the damage degree could be measured by the var-
iable of the internal energy of the alloy. Therefore, the damage
D was represented by using the variation of toughness degra-
dation which was changing during the fatigue progress. Gu
and An17 proposed the equation below to describe the relation-
ship between damage and material toughness:
Dn ¼ 1Un
U
ð6Þ
where U is toughness of the non-damaged material, and Un the
material toughness after n loading cycles.
Based on Eq. (6), when the damage degree is under a cer-
tain fatigue condition, we just need to determine the material
tension curve and compare it with the original one. This meth-
od is easy to be realized in engineering, and precision can be
guaranteed. Meanwhile, because this damage measurement
could operate well without measuring the cyclic hysteresis en-
ergy and its cumulative value, it could be applied in both high
and low cycle fatigue.
The damage tests were also designed according to GB/T
3075–2008.15 Both the experimental equipment and condition
were the same as in the tension–compression tests. The damage
tests under ra = 700 MPa were carried out with recycle ratio
n/Nf as measurement. Damage results were recorded by recycle
ratio from 0.1 to 0.9 respectively.
In order to verify the accuracy of the damage model pro-
posed in this paper, an FE model of the rod specimen built
by MSC. Patran (see Fig. 2) was used to calculate the fatigue
life and damage. The stress distribution is shown in Fig. 3.Table 1 Results of tension–compression tests (R= 0.1).
Fatigue limit/MPa b HM0
b b
660.57 1.312 1.321 · 104 0.0029From the results of stress distribution, it can be seen clearly
that the center of test section bears the highest stress in the
whole loading cycles. As a result, the damage here is the largest
in the rod in every single cycle, and so would be the damage
accumulation during the whole life. Then, by making use of
the CDM proposed in this paper, the damage calculation
was taken by recycle ratio from 0.1 to 1.0.
Fig. 4 is the comparison of damage prediction results be-
tween CDM and tests. From the comparison, we can see that
the damage accumulation ratio is low in most of the time fromFig. 4 Comparison of damage prediction results between CDM
and tests.
634 J. Lin et al.the early to middle stage. When the recycle ratio is above 0.7,
the damage accumulates more quickly. Particularly when the
ratio is close to 1.0, the damage curve becomes almost a verti-
cal line. This phenomenon matches the real fatigue process of
TC4.
Due to the high propagation speed, the failure happens too
fast to control, so the error of the damage results during this per-
iod is the largest between test and computation. Although the
mean error is 2.65%, it still shows a great accuracy of themodel.
4. Strength degeneration and residual strength
4.1. Linear strength degeneration law
Usually, damage is deﬁned as a dimensionless quantity. When
a material is untapped, the damage is zero; when the material
fails, the damage is one. It is an irreversible process that the
damage of blades grows from zero to one. In this process,
the residual strength decreases with the damage accumulation,
and both the remaining life and reliability reduce at the same
time. The residual strength is a function of load and loading
cycles. It is an equivalent variable which reﬂects the inside
damage of structures or materials in micro-scale. Generally,
it is hard to obtain the residual strength from fatigue tests,
but the regularity of the strength degeneration is able to be pre-
sented by damage. Ref.18 established the relationship between
residual strength and damage:
rðnÞ ¼ r0½1DðnÞc ð7Þ
where r(n) is the residual strength of the material under n load-
ing cycles, r0 the initial strength, and c the material property.
Some earlier researchers used linear damage law, such as
the Miner’s law,1 to describe the progress of material strength
degeneration, which was easier and cost less computational
work. Ref.18 put forward a degeneration equation as
rðnÞ ¼ r0 1 n
Nf
 a
ð8ÞFig. 5 Comparison between the two degeneration models.4.2. Strength degeneration based on nonlinear damage model
From the point of view of energy dissipation, the damage var-
iable can be deﬁned as
Dn ¼
Xn
i¼1
DWi
Wf
¼ 1Wfn
Wf
ð9Þ
where Wf is the plastic hysteresis energy before fracture hap-
pens and is called fatigue toughness, andWfn is the residual fa-
tigue toughness.
Based on the Grifﬁth fracture criterion, Sandor19 estab-
lished the relationship of fatigue toughness and static tough-
ness which was veriﬁed by mount of experiments. The
relationship can be expressed as
U
Wf
¼ ra
rf
 4
ð10Þ
By substituting Eq. (10) into Eq. (9), we can obtain:
Dn ¼ 1 rðnÞrf
 4
Un
U
ð11Þwhere rf is equal to r0.
Then the relationship between residual strength and load-
ing cycles could be established. By substituting Eq. (11) into
Eq. (5), the residual strength expression is
rðnÞ
rf
 4
Un
U
¼ 1 nHhrið1þ bÞ
Mb0
ra
1 brm
 b" #Hhri8<
:
9=
;
ð1þbÞ
ð12Þ
From Eq. (10) we can see that the residual strength is a func-
tion of load and loading cycles. It would bring a big error if we
assume that load and strength are independent.
The strength degeneration curves in 700 MPa by using the
linear and nonlinear models respectively are plotted in
Fig. 5. It can be seen that the strength curve of the nonlinear
strength degeneration model is proportional to the damage
accumulation curve, and the strength degeneration accelerates
when n is close to Nf. The curve of the linear model is a line
during the whole service life which means the degeneration is
a uniform process.
From the microscopic point of view, damage accumulation
is a relatively slow process at low loading levels, and the
strength reduction is slow too. The accumulation speed would
accelerate in the last period of the life. Then cracks appear and
propagate in a short time till failure happens, and the residual
strength decreases rapidly at the same time.
In other words, the residual strength would stay at a rela-
tively high level until crack initiation. Comparing with the lin-
ear model, the nonlinear curve has an obvious advantage in
prediction accuracy.
5. Reliability analysis of blade-disk system
5.1. Stress–strength interference model
The stress–strength analysis is a tool widely used in reliability
engineering. According to the SSI model, the deﬁnition of reli-
ability is the probability that stress is lower than strength.
Stress and strength here are both generalized. Stress can be
any factor causing failures, such as mechanical load, tempera-
ture, humidity, and corrosion. Strength can be any resistance,
such as fatigue strength, heat resistance, water logging resis-
tance, and corrosion resistance.
The traditional stress–strength model is shown as follows:
R ¼ Pðr > sÞ ¼
Z 1
1
fsðsÞ
Z 1
s
frðrÞdrds ð13Þ
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PDF of the stress. Eq. (13) is the general reliability function
under single failure mode. The equation is based on the
assumption that load and strength are independent, and
strength degeneration and loading cycles are not taken into
consideration.RðtÞ ¼ exp 
Z t
0
kek
X1
x¼0
kx
x!
1 Fs rf U
Un
Z 1
1
1 M
b
0ð1 brmÞb
nHhrið1þ bÞfbðsÞ
" #Hhri8<
:
9=
;
ð1þbÞ
ds
8><
>:
9>=
>;
1
4
8>><
>:
9>>=
>;
8>><
>:
9>>=
>;dt
8>><
>:
9>>=
>; ð19Þ
(a) Mesh (b) Stress distribution 
Fig. 6 Blade meshes and stress distribution in a certain
calculation step.A blade is always under circulating and alternating load
in actual working conditions, and the strength degenerates
according to the loading. As a result, the strength degenera-
tion should be taken into account in the establishment of the
reliability model. To obtain the time-dependent rule of the
component reliability, the loading cycles should also be con-
sidered. Then the time-dependent reliability and the strength
degeneration should be analyzed according to the loading
history. Centrifugal and air forces are the dominant loads
of aero-engine blades. The centrifugal force is related to
rotational speed and blade height, and the air force is related
to ﬂight altitude, ﬂight speed, and blade rotational speed. In
this research, the working condition of aero-engines was sta-
tic, and the resultant force was taken as the equivalent load.
The loading history from 0 to t is expressed by loading cy-
cles. If the number of loading cycles is n during time t, the
probability that the blade does not fail under n loading cy-
cles is
RðnÞ ¼
Yn
i¼1
Ri ¼
Yn
i¼1
Z 1
0
fsðsÞ
Z 1
s
frðr; s; iÞdsdr ð14Þ
where fr(r, s, i) is the PDF of the strength under i cycles.
According Eq. (12), the expectation of the residual strength
is
rðnÞ ¼ rf U
Un
Z 1
1
1 M
b
0ð1 brmÞb
nHhrið1þ bÞfbðsÞ
" #Hhri8<
:
9=
;
ð1þbÞ
ds
8><
>:
9>=
>;
1
4
ð15Þ
Here the number of loading cycles is regarded as a poisson
process with intensity k, and the reliability during 0 to
t+ Dt is
Rðtþ DtÞ ¼ RðtÞ
X1
x¼0
Pðn ¼ xÞ½1 kDtþ kDtPðrðxÞ > sÞ
( )
¼ RðtÞ
X1
x¼0
Pðn ¼ xÞf1 kDtþ kDtFsrðnÞg
( )
ð16Þ
Eq. (16) can be simpliﬁed as
Rðtþ DtÞ ¼ RðtÞ 1 kDt
X1
x¼0
kxek
x!
½1 FsrðnÞ
( )
ð17Þ
When Dt is sufﬁciently small, Eq. (17) can be transformed into
a differential equation about R(t):dRðtÞ
RðtÞdt ¼
Rðtþ DtÞ  RðtÞ
RðtÞDt ¼ ke
tX1
x¼0
tx
x!
ð1 FsrðnÞÞ ð18Þ
By solving Eq. (18), the reliability is shown as follows:5.2. Reliability of blades
The height of the blade is 605 cm, and the connection of the
blade and disk is a ﬁr tree dovetail joint. Compared with the
actual blade, the solid model in this study was established with
two simpliﬁcations to decrease the computation cost:
(1) The disk was simpliﬁed as a board and the joint as an
interface.
(2) In order to make meshes uniform in the height direction,
the elements in the tip were tetrahedral and others were
hexahedral.
Finally, the blade model (Fig. 6(a)) was meshed into 2167
elements.
To calculate the reliability of a blade, a working cycle
should be deﬁned to character the damage and residual
strength. A complete mission of a civil aircraft (including take-
off, climbing, cruising, approaching, and landing) can be seen
as the engine speed rises from zero to the cruising speed and
then decreases to zero again. To simplify the calculation, the
engine speed curve was taken as a symmetrical curve of the
cruise condition, and the speciﬁc varying process (takeoff-
climbing-cruise) was studied here which could represent the
several changing working conditions. Within this paper,
according to the actual process from takeoff to cruise of a civil
aircraft, the duration was set to 10 min. In this duration, the
Fig. 7 Calculation result of reliability of a blade.
Fig. 8 Structural diagram of parallel system constructed with
blades.
Fig. 9 Comparison between the reliability models of blades with
and without CCF.
636 J. Lin et al.rotor speed average accelerated from 0 to 4000 r/min. The cal-
culation step was set to 0.2 s. Within 600 s, the load in 3000
moments was calculated to construct a load-time history.
The damage and residual strength were calculated in cycles,
while the reliability was usually indicated in hours. From the
deﬁnition of a computation cycle, 1 cycle could be transformed
into 1/6 h.
The initial strength of every element was assumed to be the
same, so the element under the maximum load in the whole cy-
cle would fail ﬁrst. For this reason, we used the maximum
stress to be the equivalent stress. Fig. 6(b) shows the distribu-
tion of the stress on the blade, and we can see that the inlet
ﬂow near the root bears the maximum stress (226 MPa).
The time-dependent reliability Rblade(t) was computed and
the result is shown in Fig. 7.
We can see that the reliability is above 0.99 from 0 to
4000 h, and decreases slowly in these stages. When the time
is during 4000–7000 h, the reliability decreases more rapidly
than during the ﬁrst 4000 h, but is still above 0.9. The reliabil-
ity decreases fast to 0.1 in the last stages of service life.
It can be seen clearly that the tendency of the reliability
curve is related with the strength degeneration of the compo-
nent. When the residual strength of the component is at a high
level, the reliability reduces slowly. Once the component is in
the rapid failure stage, the reliability reduces fast with the
strength degeneration.
5.3. Common cause failure (CCF) analysis
All the blades mounted on one disk rotate together at the same
speed when an aero-engine is working, so the loads are also the
same. The two main kinds of loads on the blades are air force
and centrifugal force, which are the most important reason
that causes fracture failure. In order to propose the reliability
model of blades in considering the failure correlation, some
assumptions are put forward as follows:
(1) The life probability distribution is the same when blades
fail independently.
(2) There is more than one failure process, and the different
ones are independent.
(3) The failure rate depends on the number of failed blades.
The blades compose a typical parallel system shown in
Fig. 8. Assuming the initial strength of blades is the same, aparallel system reliability model which takes CCF into consid-
eration is established.
To analyze the reliability of the blades, the reliability of the
parallel system composed of 53 components was computed.
For a parallel system, when there is the same load, the reliabil-
ities with and without CCF, respectively, are20,21
RparðtÞ ¼
Z 1
1
½kfrðrÞðFrðrÞÞk1RðtÞdr ð20Þ
RparðtÞ ¼ 1 ðFrðrÞÞk ð21Þ
where k is the number of components.
Fig. 9 is the comparison between the calculation results of
the reliability model with and without CCF.
From Fig. 9, it can be observed that the reliability calcu-
lated with CCF is lower than the one without CCF. The con-
clusion is that the reliability of a parallel blade system with the
consideration of CCF is lower than that with the assumption
of failure independence.
6. Conclusions
(1) Comparing with the classical linear method, the nonlin-
ear strength degeneration model proposed in this paper
has signiﬁcant advantages in both accuracy and maneu-
verability of residual strength prediction.
(2) The prediction results show that the reliability of a single
blade is above 0.99 from 0 to 4000 h, and still above 0.9
from 4000 to 7000 h.
(3) The reliability with CCF is lower than that without
CCF.
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